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PREFACE. 



The Plates, which are the principal feature of this work, 
are lithographed copies of reduced drawings from a beautiful 
series of steel engravings which appeared last year in Berlin. 

The description of the Plates is translated by the Editor^s 
friend and pupil Mr. Tomkins of St. Catharine^s Hall, from 
the German of Professor Schellbach. The notes and Appendix 
were added by the Editor. 

Every Plate has been in a greater or less degree altered, 
chiefly for the purpose of making them less intricate and so 
better fitted for purposes of explanation, and more intelligible 
to a beginner. With this view some of the representations of 
eyes in diflerent positions have been left out, as will be seen 
by referring to the notes. It appeared to the Editor that 
they might be dispensed with, because no new principle 
would be exemplified by retaining them. In the second and 
fifth Plates, and in figure 2 of the fourteenth, one-half of the 
original figures have been omitted; because the caustics are 
symmetrical with regard to the axis of each figure, and both 
sides are formed in precisely the same way. The modified 
figures shew the actual formation of the caustic on one side 
of the axis; and on the other side they indicate the way in 
which two rays intersect upon the caustic. In figures 1, 3, 
and 5 of the first Plate, two out of the three pencils proceeding 
from -4, -B, and G, are represented only in outline, because no 
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new principle is illustrated by giving them in full like the 
pencil from A. As a general rule one-half of the rays have 
been omitted from the figures which represent the modifications 
of pencils of light. The representations are thus relieved of 
much of their apparent complexity, whilst the graphic efiect 
is undiminished. 

The Appendix contains matter either important or likely 
to be generally interesting. At some ftiture time its dimensions 
may be enlarged. At present the Editor does not think it 
necessary to add more ; and he does not believe that there is 
room for a new treatise upon Optics. 

It is hoped that the work will prove useftil to English 
students. The original drawings, though unquestionably su- 
perior to these, were so expensive as to be beyond the reach 
of many students. The explanation also was in German : and 
this circumstance still more narrowly limited the number of 
persons who could derive benefit from the original work. A 
correspondence has been entered into with the Proprietors of 
that work, in order that they may be indemnified from any 
injury which the publication of this translation might entail ; 
and it is believed that this object has been accomplished. 

S. Catharines SaUf June 3, 1851. 



ERRATA. 

Page 10, Hne 11, for n read a. 
«* 11, ** 9, omit the word about. 



GEOMETRICAL OPTICS. 



EXPLANATION OF THE PLATES. 



The object of these drawings is to facilitate the difficult study 
of Optics, and especially to give a clear idea of the working of 
Optical instruments. 

That the common treatises, and eren careful calculations, 
do not effect this object in the same degree as constructions 
like these, we have the testimony of men eminent in physical 
science, even if a bare inspection of these drawings did not 
at once confirm this statement. 

For the explanation of them we suppose only an acquaint- 
ance with the well-known laws of reflexion and refraction. 
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PLATE L 

Figure 1. 

The line LM represents the intersection of a reflecting plane 
with the plane of the paper at right angles. About this mirror 
is a perfectly uniform medium, within which, as is well known, 
rays of light are propagated in straight lines. 

From the point A of this medium proceeds a pencil of rays, 
as AL^ AO^ AMj which are reflected from the mirror at the 
angle at which they are incident. 

Thus, for instance, if the angle ALG = OLN^ the ray AL^ 
after reflexion, takes the course LO, The perpendicular ray 
AO\& the only one which returns back upon itself, the rest after 
reflexion take a difierent course. 

But if we suppose any one of these rays as iO, produced 
backwards, in the direction LA\ it is manifest, from the similarity 
of the triangles ALO and A'LO^ that all the reflected rays so 
produced pass through a point A'^ and thus return into the 
medium in the same way as if they proceeded from A\ a point 
at the same distance behind the mirror as the luminous point 
is before it. If we now conceive the entire figure to revolve 
about the line AA\ perpendicular to LM^ then LM passes over 
the surface of the mirror, and the lines AL^ AM describe a cone 
whose vertex is -4, while AL^ A'M describe a cone whose vertex 
is A'. 

If then the luminous point A fills the cone ALM with rays 
of light, all these rays will be reflected as if they proceeded from 
the vertex A\ 

Suppose now an observer at j& to look upon the mirror, his 
eye receives from it a small cone of rays whose vertex is A\ and 
whose base rests on the transparent cornea of the eye : here the 
rays undergo refraction, pass through the fluids of the eye, and 
after various other refractions converge upon the retina to the 
vertex of a cone, where they have sufficient power to stimulate 
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the optic nerve so as to give rise to the perception of sight. 
Thus the eye is affected just as if the rays had proceeded from 
the point A\ and therefore an observer at E not only sees the 
point A in the direction EHA\ but believes he sees it in the 
point A itself. 

The point A' may thus be called the image of A. 

In speaking of a luminous point, it need scarcely be said that 
we do not mean a rnaihematical point; such a point would be 
no more visible than a mathematical line. By a luminous point 
we understand a minute portion of a luminous surface in no 
direction perceptibly extended. And so by a luminous line 
we understand such a surface perceptibly extended only in one 
direction. 

In figure 1 two other points B^ C are taken £rom which 
pencils of light proceed. The images of these points are ob- 
served in ^, C ;* these images A\ B^ C are aU seen in the 
same position by any eye before the mirror. But this simplest 
case happens only when the mirror is plane. 

Figure 2. 

In this figure A, B, G is supposed to be a luminous object 
whose two extremities and middle point have the same position 
relative to. the mirror as the points A^ B^ C m figure 1 ; the rays 
AH from Aj BI from -B, and CK from (7, come to the eye 
at E, Or rather the eye at E receives from the points A^ B^ G 
pencils of rays of which HE^ lE^ KE are the axes, and whose 
vertices would lie in A\ B^ G\ if produced beyond the mirror. 

But from aU points of the arrow AS (7 such cones of rays reach 
the eye, and therefore it sees an image of this arrow in A^ B^ C. 
In like manner, eyes at D and F manifestly see the object ABC 
in exactly the same form, in the position ABG\ and at the 
same distance behind the mirror as the arrow is before it. 

Figure 3. 

In this figure we suppose the space below the line BE to be 
occupied by water, the space above by air. 

* In the original plate all the rays from B and C are also drawn. The 
greater part are here omitted to avoid confusion. 

b2 
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From the luminous point A proceeds a pencil of rays DAE^ 
which 18 refracted on emerging into the air. 

Thus let AK be a ray of light, and AH a perpendicular 
to the surface DE^ and suppose a normal drawn at K, Then 
KAH is the angle which the ray makes with the normal, i.e. 
it is the angle of incidence. If now the refracted ray KL be 
produced backwards to cut the perpendicular AH in 0, then 
the angle -K'O-ff represents the angle oi refraction. 

The refractiTe index for water is nearly f ; so that we have 
sin KAH : sin KOH = 3:4; or, since in the triangle KA 
these sines are as KO : KA^ we have KO : KA = 3:4, IS 
then KA be divided into four equal parts, and with centre A 
and radius equal three of these parts a circle be described, it 
will cut the perpendicular in 0. In order therefore to find the 
direction of the ray AK after refraction, we have only to produce 
the line OK to L. 

In this way all the rays which emerge from the water may 
be accurately determined.* 

If all the rays proceeding from -4, which fall between the 
legs of the angle DAE^ could have been constructed, the emerg- 
ing refracted rays produced backwards into the water, would 
have formed by their mutual intersection a continuous curve 
which b even here to be perceived in the figure DMA'E^ and 
appears more frilly developed in figure 4. 

This curve to which the refracted rays are tangents, is one 
of the simplest kinds of causiica^ which perform so important a 
part in Optics. 

From the above construction of the refracted rays it appears 
also that the cusp A' of this caustic line lies J*** part of the 
distance AH of the luminous point from the surface of the 
water higher than this point; for a ray incident close to the 
foot H of the perpendicular AH^ will manifestly be so refracted 
as to intersect in ^' if HA ^ \HA. It is also manifest that 
the caustic line only extends to the points D and E^ if 
DH^ EH=i i^^5 f^r t^en the ray which emerges at D or 

* The author of the original work here remarks that " every single ray in 
these figures has been constructed with such care that the angular error is 
never greater than a few minutes." 
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£ carried backwards intersects in H^ and thus remains con- 
stantly in contact with the surface. 

We know that every ray which reaches the separating surface 
of two media is there separated into two parts, of which the one 
enters by refraction into the new medium, the other is reflected 
into the old one.* All rays from A falling upon the line DHE 
undergo this separation, though in the figure the refracted rays 
only are given. But if the rays are incident on such points as 
lie beyond D and -ff, they no longer make their way out of the 
water, but undergo only one deflexion. As, for instance, the 
ray BA will be reflected towards RS^ and an eye situated in the 
water at S would perceive a very bright reflected image of the 
point Aj in the direction SB. The reason why this image would 
be so bright and distinct is that the entire ray is reflected, and 
no portion of it is lost by refraction, as in the case of those rays 
which are reflected from the part DE of the surface. On this 
account rays from Aj incident beyond D and E^ are said to 
imdergo total reflexion. 

H we now suppose an eye situated at Z/, this eye in addition 
to the ray KL receives a large portion of those in the neigh- 
bourhood of it. These rays do not indeed form a cone about 
KL as an axis ; they will however enter the eye in a body as 
if their origin lay very near the point My in which the ray 
LKM touches the caustic line ; they must therefore produce an 
effect on the eye like that which would be produced by a cone 
of light with vertex M. So that the eye sees the point -4, not 
only in direction LKM^ but as if it were in the point M itself, 
or at least in a position differing exceedingly little from that 

point.t 

Hence it is easy to understand why an observer at / will 
see the point A at another position A\ though in the same 

direction IHA. As also why the bottom of a vessel filled with 

— ^^— ^^ - — ■ — ^■^^^^—i ^^^^^^^^■^^— ^^,» , — 

* Besides the separation of the ray into two parts, which follow the com* 
mon laws of reflexion and refraction, there is a third part which is dispersed at 
the surface. This scattered light, as it is called, follows no law, hut proceeds 
from every point of the surface as it would do from a luminous point. This 
light renders the surface itself visible to the observer. 

t The pencil in fact is a small oblique pencil, which proceeds from two 
focal lines and a circle of least confusion. The point M is (he primary focus. 



6 GEOMETRICAL OPTICS. 

water must appear to be raised about a fourth part of its distance 
from the surface. 

If we suppose the entire figure to revolve about the normal 
Til as an axis, the line DE describes the surface of the mirror, 
the angle DAE a cone which we are to suppose occupied by 
rays proceeding from ^ as a vertex, and the caustic line DMA'E 
will then generate a cone-shaped surface of revolution which 
may be called the caustic surface ; because from it all the rays 
which emerge from the water will appear to proceed. 

To any eye which is above the water, the luminous point A 
can appear only in some one point of the caustic surface. It 
is known to mathematicians that the caustic lines which are 
formed by refraction at a plane, are the evolutes of conic sections. 
That which is here represented is the evolute of an ellipse. 

The engraving shews two other luminous points -B, G with 
their caustics, which will be made use of for the following 
figure.* 

If we suppose below the surface DE a medium different from 
water, as glass, the drawing will still be essentially the same, 
the extremities D and E of the caustic lines in that case only 
lying nearer the point -ff, and the vertex A' will be elevated 

Figure 4. 

This figure will now be easily understood, as in it the same 
things are indicated by the same letters as in figure 3. The arrow 
ABC is in the water ; every one of its points sends a pencil of 
light to the surface DE^ the rays of which are there refracted 
in the same way as if they came from the caustic surface cor- 
responding to the luminous point. Thus the eye at Z, receiving 
from the point A the ray AKL^ sees this point on the caustic 
line in Jf, and so from the point B the ray BPL reaches the 
eye and transfers the image of B towards JV where iPJV touches 
the corresponding caustic. The point C can be seen by the eye 
only in the point 0, where the ray CQ refracted towards QL 
touches tiie caustic of the point C. If we now suppose caustics 

* In the original figure all the rays from B and C are also drawn. 
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constructed from every point of the arrow ABG^ this rectilinear 
object will appear to the eye as a curved line MNO. 

The figure represents three other eyes,* and determines in a 
manner easUy imderstood the positions in which an image of the 
object ABC appears to them. 

Figure 5. 

If figures 3 and 4 have been comprehended, the following 
brief account of the next figure will be sufficient. Below the 
line lO is water, above it air. From the point A a pencil of 
light proceeds which meets the watery mirror lO^ and after 
refraction enters the fluid. K the refracted rays are produced 
backwards into the air, they form a caustic line by the con- 
tinued intersection of immediately successive rays. Thus if we 
suppose AD^ Aiy two such rays, which after refraction take 
the course DE^ DE\ these meet in a point d on the caustic 
line, and an eye in the neighbourhood of EE' would receive 
a pencil of rays whose vertex would appear to lie in this point. 
It must thus see the point Amd. 

Suppose now all the rays constructed which fall from A on 
the indefinitely extended surface 70, the refracted rays pro- 
duced will form the complete caustic of the point -4, whose two 
branches o^, af then extend to infinity. This caustic is known 
to be the evolute of the hyperbola. The figure shews two 
other pencils' of light whose vertices are in B and (7, and 
their caustics in h and o.f 

Figure 6. 

The luminous object is here again the arrow ABC] the 
pencils from these three points with their corresponding caustics 
are delineated in the preceding figure. In this the caustics 
only are given, and of the rays only those which fall upon the 
eyes G and G'. 

Thus the ray AD from the point -4, after being refracted 
into the direction DGj falls upon the eye, and being produced. 



* In the original figure two more eyes are drawn, which it has not been 
thought necessary to retain. 

t The rays in these pencils are omitted for the sake of simplicity. 
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touches the caustic of the point .^ in c^. But AD may be con- 
sidered as the axis of a small pencil of rays which reaches the 
eye, and which after refraction, though no longer in fact a cone, 
falls upon the eye in a cone-like form. The rays of the pencil 
produced backwards will not converge to a point, but will be 
crowded together almost to a point in d^ and the effect will be 
the same upon the eye as if the rays proceeded from a luminous 
point in rf, i.e. the eye will see the point Amd, 

It is also now evident iq what way to the eye <?, the point 
B must appear In the point e of the caustic 5, and the point C 
in point /of the caustic c. 

If the caustics of all points of the object ABC were con- 
structed, a very accurate image of the arrow might be traced 
as it appears to the eye O. 

By the help of several of these caustics the image def has 
been carefully drawn. The eye (?' manifestly sees the arrow 
in position o^y'; i'.e. because the ray AD reaches the eye G' 
without refraction, it sees the point A^ only at a greater distance, 
in the vertex a of its caustic. 

From what has been said, it is now sufficiently evident where 
and in what form an object must appear, situated in a medium 
whose refraction is less than that of the medium from which 
the object is observed* 



PLATE II. 



The luminous point G throws rays upon the circle whose 
centre is M and diameter AB\ the circumference is supposed 
to be a reflecting surface. A circle, as every other curve, may 
be regarded as a polygon with an infinite number of sides, or 
as the limit to which such a polygon approaches when the 
number of its sides is indefinitely increased; one of these in- 
definitely small lines produced is then a tangent. 

If now a ray (7Z* from C falls upon the circle, we may 

• In the original figure all the rays from C are drawn. In this figure those 
rays only are drawn which fall on the lower semicircle; and the caustics only 
which are formed by the rays reflected from the other semicircle. 
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assume that it meets the bisection of one of these indefinitely 
small lines, to which the radius Ml is perpendicular. 

K therefore Im be the reflected ray, the angle GIM = Mlm. 
According to this law all the rays of the figure are accurately 
constructed. K we could draw the ray immediately succeeding 
Cl^ which may be supposed to be (77, these two rays would 
intersect in a point n; and if all the intersecting points of im- 
mediately successive rays were constructed, we should obtain 
all the points of the caustic idc^d^i^. 

A caustic formed by reflexion is called a catacaustic^ to dis- 
tinguish it from one formed by refraction, like the two already 
considered, which is called a diacavstic. 

The portion of the rays coming from G which fall on the 
arc fAf^^ strictly come to mutual intersection on the curve 
idc^d^\ ; so that, if for example a spring of polished steel be 
bent into a circular BTcfAf^y and a very small luminous body 
be applied at (7, a bright line appears on the paper which has 
very nearly the form of the catacaustic. But in general the 
whole space between this and the spring will be as much more 
illuminated than the rest of the paper, as this part in our figure 
appears more dark with intersecting lines than the rest. 

The rays which coming from G fall upon the arc fBf^^ will 
be reflected in the same way; but these reflected rays are 
indicated only by short lines, as they never again mutually 
intersect, and would, if carried out, have interfered with the 
part of the caustic to the left of G which really comes into 
view. On the other hand, these reflected rays have been carried 
backwards beyond ^B^, and have there, by mutual intersection, 
formed another caustic hc'h'. 

Gr and O, are intended to represent two immediately suc- 
cessive rays such as fall from G on the ATcfBf^, After reflexion 
they become more and more divergent, and extend towards j? 
and ^,. But if they are produced to the right they will inter- 
sect in «, and then proceed towards t and t'l 

The legs ch and c'h' of this subjective^ or as it is called virtual 
part of the caustic extend to infinity, as do also the branches 
id^ tjrfj, of the objective part. Both parts together constitute 
the complete caustic of the point G. The straight lines kfg 
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and \f^g are to this curve what mathematicians call oAympto^^ 
that is, straight lines to which id and i^^ as well as hd and Kc 
continually approach without ever meeting them, so that the 
distance between them and the curve vanishes only at infinity. 

Let the diameter AB of the circle be the axis of abscissas, 
the centre M the origin of coordinates, and the positive abscissas 
(a;) reckoned from M towards jS, the perpendiculars upon it 
positive ordinates (y). Put r = radius, GM = a the distance 
of the luminous point from the centre, and we shall find for the 
caustic the following equation 

If in this equation y = 0, we have the position of the two 
points c' and c^ of the caustic given by the expressions 

jfc' = r , and Mc^ = — 



2a - r ' * 2a + r ' 

or if we put h = Mc and c = Jr, 

we have - + y = - , and the expression for Mc^ is obtained 

from that for Md by putting — r for r, by which we have 

11 1 

a c 

The two cusps c and c^ are formed from the two opposite sides 
B and A of the reflecting circle on which account c has opposite 
signs in the two expressions. 

If we are only inquiring into the effect of one side of the 
circle on the rays of the luminous point G^ the first of these 
equations will obviously be sufficient ; and this equation remains 
unaltered if a and b no longer indicate the distances of G and c 
from the centre, but the distances of these points from B, 

If now we put the factor aj* + y" — a* = 0, we obtain the 
coordinates of the points d and d^ ; those for d are 

a?j = -^ (2a'- r*) and y^^^-^r \/(*'*-a*)- 

The cusp d^ has the same abscissa and an equal but op- 
posite ordinate. These cusps are thus at the same distance 
from the centre M as is the luminous point G, 
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If we determine the tangent at the cusp d^ it is obvious that 
it is formed by the reflexion of the ray Cfe, which is per- 
pendicular to MC This cusp therefore is at the same distance 
from the point e as the point C. 

K we put m = the angle fqB which the asymptotes hg^ k^g' 
make with the axis Mq^ we have 

and the distance of the point q^ in which the asymptotes meet the 
axis, from the centre, or Mq^ is about —5 — -^ . 

The expression for sin^n, when a < \r, wiU be imaginaiy. 
Therefore the curve has asymptotes only when the luminous 
point is further from the centre than half the radius. 

It may now be clearly seen how the arc jf^ affords that part 
of the caustic which falls to the right of B^ and which extends 
indefinitely from c' towards h and A'. The arcs/e, /e. give rise 
to the branches di^ dji^ of the caustic, which are also indefinitely 
extended, and the arc eAe^ forms the finite part dc^^ of this 
curve. 

In the figure MC = ^MB. If therefore r = 1, a = 9, and 

we have ilfc'«-, ^^1 = " Jq? ^1 = 32 j ^i = "32- = ^'^^^^ 

Mg =s - , smm = , . = 8m21 1 . 
5 54 

As the equation of this catacaustic is of the sixth degree 
which reduces to the third for the ordinate y only, the form of 
the curve could not be obtained from its equation without con- 
siderable difficulty, though the distinctive points of it are found 
pretty easily. 

A perfectly clear notion of the effect of a reflecting sphere 
on rays which fall from a luminous point, may be obtained by 
supposing our figure to revolve about the line MC as an axis. 

The reflecting circle then describes a sphere illuminated from 
the point C, and the caustic curve forms by this revolution the 
caustic surface in a manner very intelligible. The cusps c, 
and c' of the catacaustic curve then form vertices of the cata- 
caustic surface, but the points d and d^ give rise only to an 
edge of this surface. 
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PLATE III. 

In this plate the foregoing constructions have been applied 
to explain the eflFect of a concave spherical mirror. The arc 
DBE is supposed to be reflective, and every point of the 
luminous object aCb gives rise to a caustic. Three of these 
only have been given, viz. those which belong to the points 
a, Gy and 5, and these lines are all exactly similar, as the arrow 
aCb is only an arc concentric with the mirror, and thus all its 
points are at the same distance from the centre of the reflecting 
circle, on which alone the form of the caustic depends. 

The caustic C'c^ G" belongs to G^ the middle point of the 
arrow, the line aa^a!' belongs to the extremity a, and the line 
h'hp" to the other extremity J. 

It will at once be seen, by careftdly considering Plate II, 
that an eye A^ which looks from the centre of the mirror towards 
J5, receives pencils of rays whose vertices lie in a^, J^, c^, and 
will therefore see in these points an inverted image entirely 
similar to the object. As the visual angle a^Ajb^ = L aAp^ 
an eye at A^ will see the object and image of the same size, 
though in the figure the latter is represented smaller. An eye 
A^^ at a greater distance would see the image still in nearly the 
same place, but imder a smaller angle and therefore of diminished 
form. An eye at A^ would receive from the object the rays orf, 
Cfe, i/5 which all arrive at A^ after reflexion. These reflected 
rays touch the caustics in a^, c^, i^, and thus, for reasons re- 
peatedly stated, the image of the object aCh appears in the form 
and position of the figure. . 

The figure represents two other eyes A^^^ and A^^^ with the 

images of the object as seen by them. It is obvious that it is 

only fi-om a concentric arc as aGh^ that an image similar to the 

object can be formed in the cusps of its caustics, and that the 

image of an object of any other form must appear more or less 

distorted, as the distance of the cusp of the caustic from the 

centre of the reflecting circle is not proportional to that of the 

luminous point from the centre ; for if the latter is a, the former 
ar 



IS 



2a -^r 



* The eye A^^ has been omitted. 
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A spherical concave mirror is a segment of a sphere which 
reflects from its concave surface. The centre A^ of the sphere 
is called the centre of curvature of the mirror, and the centre B 
of the spherical segment is called tHe centre of the face of the 
mirror. If a plane be made to pass through the eye of an 
observer at A^^ the centre of curvature -4^, and a luminous point 
G of the object, so as to cut the object in the line aCbj then 
acb^ is obviously the image of this section as seen by the 
eye. If the plane through the eye and centre of curvature pass 
through other points of the object, the images corresponding to 
the sections of the object are those given in the figure. 

Scarcely one, however, of the images will be like the cor- 
responding section, therefore in a concave mirror the whole 
object will in general appear only in a distorted form; and if 
this distortion is not always apparent, the only reason is that 
the observer seldom forms an accurate judgment of the relative 
distances of the different points of an image. The images which 
the figure represents have to the eye the appearance of hanging 
in the air before the mirror, and one of them, aj?^c^^ is further 
distinguished by the circumstance that it can be made to appear 
by being received on a colourless opaque screen. If a white 
sheet of paper, for instance, were to be applied at the points 
a^, ij, Cj of the caustics, every point of the object would illu- 
minate a point of the paper with its own colour, and thus the 
entire object would be depicted on the paper. A clear idea of 
the form of the caustic surfaces corresponding to the caustic 
curves will make it evident that such a picture can be formed 
only in the cusps of the caustics given in the figure ; for a sheet 
of paper a little further to the left of these cusps would mani- 
festly intersect the caustics in circular sections, so that to every 
point of the object would correspond on the paper a circle instead 
of a point ; and these circles would cross and interfere with each 
other so as to produce only a confused image of the object 

The expression - + t = ~ 5 where c = half the radius, a = the 

distance of the luminous point from the mirror, and which gives 
the distance of the image of that point, is not altered if a 
and b be put for each other ; or, which is the same thing, a 
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luminoQs point at digtance a projects its image at distance 
A, and conversely a luminous point at distance b has an image 
at distance a. Hence it is obvious in what way a small object 
aJbjC^j by means of a concave mirror, presents a magnified image 
aCbj which may be received on a white screen. 



PLATE IV. 



The preceding Plates represented the objective images of the 
concave mirror, and the special object of this is to explain the 
subjective^ which appear behind the mirror in the same way as 
in the common plane reflector. 

The object is here again the arrow a(7i, and the figure 
shews the efiect of the three principal points on an eye looking 
towards the reflecting arc DBE, The pencil which comes from 
a and meets the circumference in 9, is reflected as if it came 
firom a behind the mirror. Therefore an eye in the centre A' 
of the circle, sees an image of the point a behind the mirror at 
a . This point a is the cusp of the caustic which belongs to a, 
and which is represented in the figure by a dotted line. In like 
manner the same eye will see the points G and J in c' and b\ 
so that firom the whole object in general, an upright and mag- 
nified image will be seen behind the mirror in the position dc'b\ 
It can only however seem to be magnified in case the eye can 
judge of its distance ; for instance, the visual angle aA'V has 
continued = aA'b^ so that the object and its image appear to be 
of the same size. It will be understood fi*om what has been 
said in explanation of preceding figures, in what way an eye 
at A' sees an image of a(7i, viz. ci'd'b" behind the mirror, but 
no longer exactly similar to it. If the reflecting circle is of 
sufficient size, an eye sees from the point A"\ three images of 
the object ; viz. a subjective one a"'c'"b"' behind the mirror, and 
two objective ones a,,,J,,,, aj!?^ suspended before the mirror. The 
subjective image is formed by such pencils as (wf , Ge', bf ; and 
the pencils ad'\ Ce\ bf\ and ad"\ Ge\ bf" after reflexion 
produce the two objective images. 
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The figure also gives other images of tiie object as seen by 
the eye A'".* From what has been said it will readily be seen 
how these constructions illustrate the effect of a concave mirron 
As the concave mirrors generally used consist of a small 
portion only of the spherical surface, the two objective images 
before the mirror which arise from the reflexion of the rays 
coming from the parts nearest the rim of the mirror, are seldom 
seen. 



PLATE V. 



Figure 1 of this plate represents the caustic of the circle when 
the luminous point C is only J of the radius from the centre 
M. The curve which brfore extended on both sides to infinity, 
is here compressed into the narrow space dcd^c^. Since here 
MG=^ J, if we put radius = 1, we have, according to the formula 

given in the explanation of Plate ii, Mc == — - , Mc. = — - ; 

6 2 

7 
the abscissa of the cusps d and d^\& — -rr^ and the two ordinates 

Vl5 
are ± -^ or ± 0.121. The asymptotes have vanished, as the 

distance MC is now less than half the radius. The figure will 
now explain itself: it will be only necessary to follow the 
individual rays which come from (7, in order to perceive how 
after reflexion they form the caustic. 

Figure 3 represents the caustic which parallel rays, such as kl^ 
47', form by reflexion from the semicircle DAE, This caustic is 
called the cardioide.^ It is that curve which a point in the cir- 
cumference of a circle describes, which rolls on a circle of twice 
its own radius and is thus an epicycloid; the fixed circle on 

* This eye is omitted. 

t This curve is not iisually called the cardiode; that name being confined to 
the epicycloid which is generated by the rolling of a circle upon a circle of 
equal radius. The caustic assumes the form of the cardiode in this restricted 
sense when the luminous point is at the extremity of the diameter of the 
circle.— (See Lloyd's Optica, pp. 69» 71. London, 1831.) 
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which the other rolls is here described with centre M and half 
the radius of the circle DAE] the equation of this curve is 
obtained from the general expression in page 10, bj putting 
a s= 00 • It then takes the form 

{4(aj*-hy»)-r'}' = 27ry. 

The figure shews how strongly the rays of the caustic are 
concentrated in the neighbourhood of the point c,, and how, by 
means of a spherical concave mirror, a considerable degree of 
heat may be developed in the focus c^, so that such a mirror is 
rightly called a burning mirror. As it was this property which 
first and chiefly attracted the attention of philosophers, the cusps 
of caustics have been called focij and the name cavstics has 
arisen. 

In figure 2 the parallel rays have been made to reflect im- 
mediately firom the semicircle on which they first fall. The rays 
so reflected become, to the right, more and more divergent, and 
would form a caustic only in the circle by being produced to 
mutual intersection. And in this way the caustic in the figure 
is formed. It agrees entirely with that formed in figure 3, or 
rather together with that completes the catacaustic produced by 
parallel rays reflected from a circle. 

With regard to figure 4, it needs only to be said that it re- 
presents the caustics which rays from the luminous point (7, after 
reflexion from the further side AB of the mirror, would form 
within it. 



PLATE VI. 

This plate represents the distorted objective images which 
the concave mirror DBE would shew of the object acJ, to 
observers in -4,, ^^,, -4^^^, A,^, To perceive how these images 
are formed, it is only necessary to take Plate V, and trace the 
way in which each of the three caustics there are formed, which 
belong to the points a, J, c of the object. 
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Many more caustics than the figure shews, have been em- 
ployed to delineate the form of the images, which have thus 
been very accurately drawn. To an observer, indeed, these 
images do not appear so out of shape as the figure represents 
them, because the eye is unable to judge accurately whether 
a visible point is nearer or more distant.* 



PLATE VII. 

Figure 1. 

In figure 1 of this plate the object is again a circular arc, 
described fix)m the centre of curvature of the mirror, but it 
is placed at the distance of \ of the radius beyond this centre, 
instead of being, as in Plate VI, so much nearer the mirror. 
The objective images which the eye now sees in the air, appear 
also inverted, but diminished and less distorted than those in 
that plate which represents them magnified. 

Fiffwre 2. 

Figure 2 shews the images of an object aCh^ much diminished 
and in an upright position, which a convex mirror would form. 
These images appear to the observer behind the reflecting sur- 
face like those of a plane mirror, except that they are always 
smaller than the object, and their position changes with that of 
the observer. 

Figure 3. 

The object in figure 2 was an arc described from the centre 
of the reflecting surface, and all the caustics arising from the 
several points of this arc were similar and equal. But in figure 3 
the object is rectilinear, and thus the caustics which belong to 
its diflerent points are no longer similar and equal, since these 
points are at different distances from the centre of the mirror. 
Accordingly the images in the figure are perceptibly different. 



* In the original plate two more eyes are represented. 

C 
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PLATE VIII. 

Figure 1. 

The triangle DEF represents the intersection of a triangular 
right prism with the plane of the paper, and its faces are per- 
pendicular to this plane. 

From the luminous point c falls a pencil of rays cDv^ on the 
side DE of this section of the prism, and becomes refracted on 
entering the ghsa medium. The index for glass has been taken 
1.5. The refracted rays, if carried backwards into their former 
medium, form there a caustic which will be understood from the 
remarks on Plate I. At the side DF of the prism these rays 
are again refracted ; but those only which fall between D and I 
are able to emerge from the glass; the rest, which strike the 
prism between I and F^ are totally reflected, as appears from the 
explanation of Plate I. The rays which come out from the line 
2>Z, are after refraction produced backwards so as to form the 
caustic Cil, If the course of two rays next each other, as 
cefg^ cef'g\ be traced after the second refraction, which takes 
place at ff\ their mutual intersection is on the caustic in i. 
And thus an eye which receives the pencil ^)^'^', at ahgg\ would 
see at i the image of the luminous point c. The line rcsu shews 
the direction of the ray perpendicular on DE^ and which there- 
fore passes through DE unrefracted, and is first refracted at «. 
The ray ckl divides the entire pencil into two parts, of which 
only that between D and I comes into the air, while the other, 
which falls between I and F^ is thrown back into the prism by 
total reflexion, and can emerge only at the side FE between F 
and m. Two of these rays, supposed consecutive, as mn and m'w , 
carried backwards intersect upon a caustic represented by ^C. 
The drawing shews also the caustics A and B in outline, which 
belong to the pencils aDx and hDy^ proceeding from the points 
a and h. In like manner A' and B' indicate the caustics which 
correspond to the totally reflected parts of these pencils, emerg- 
ing from the side EF of the prism. To the point c belongs in 
fact not a caustic line, but a very complicated caustic surface, of 
which the figure shews only a section made by a plane through 
the luminous point perpendicular to the faces of the prism. 
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Figure 2. 

This coDBtruction is here made use of to explain the images 
which a prism DEF shews of the object acb. The figure gives 
only those caustics which belong to the extremities and middle 
of the object 

Now it is known that every ray, when it undergoes refraction, 
is separated into a multitude of rays, of which the red rays are 
the leafit refrangible and the violet the most. The pencil which 
falls on the prism from c is thus, after refraction, separated into 
a multitude of pencils of different coloured rays, and to every 
one of these pencils belongs a particular caustic. 

The figure represents by the lines -4, Cf, 5, the two outer- 
most of these caustics ; by the dark Unes, those which correspond 
to the extreme violet rays ; by the fainter lines, which run to the 
right near the darker, those which belong to the red rays. The 
index for the red rays has been taken 1.50, and for the violet 1.53. 

The six lines drawn through the vertex D of the prism cor- 
respond to the extreme rays from the points a, i, and c. The 
ray cd^ when it enters the prism, is separated into rays of different 
colours, of which only the violet di is given. This violet ray 
comes again into the air at i unchanged,* and so reaches the 
eye at -4,. But of the ray cf in the figure, only the red part fk 
is retained, which after its second refraction is received also 
unchanged by the eye A^. The lines iA^ and kA^ may be 
regarded as the axes of small pencils, whose vertices lie in the 
points d and c^. In this position, then, two coloured images of 
the point c appear to the eye A^ ; viz. a violet one in c and 
a red one in c^. But these are only the two extreme images 
of the point c: between these a multitude of others would 
appear in accordance with the known gradations of co]pured 
images. 

In a similar way the images of a and b are shewn in a a,, h\. 
It is now easily perceived how to the eye -4^, a violet image of 
acb is seen in dcb\ and a rod image in a^cp^. Between these 
lies a multitude of other coloured images arising from the sepa- 
ration of the other rays into colours. 

* Without undergoing any further separation into partial colours. 

C2 
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In the middle all these coloured images are hidden*, and in 
accordance with known laws produce a colourless image, which 
however at a and h^ has a coloured border, and this from being 
violet at a becomes white at a^, and passes from red to white 
between h^ and V, 

Just such an image of the object, coloured at the edges, is 
seen by A^ within the prism. The reason why an image seen 
through a prism is not so indistinct as would hence be supposed, 
since every point presents a multitude of images, is, that all 
these images nearly coincide, and because it is not a single ray 
but a pencil which generates an image. 

Of the ray ch after refraction only the violet part hm is 
retained in the figure. But this ray at m undergoes total re- 
flexion, arrives thus at n, and thence, by a second refraction, 
at the eye A^. Of the ray cg^ on the other hand, the figure 
gives only the red part gl^ which is also totally reflected at ?, 
and ifl then refracted at o towards the eye A^. 

From what has been said it is now obvious, how on the 
caustic G* to the eye A^ a violet and red image of the point c 
must appear in c'" and Cg, and how in general it must perceive 
in a'"c'"i"' a violet, and in apf^ a red image of the object cuib. 
Images of other colours lie between these two which merge into 
a single image with a coloured border.f 



PLATE IX. 

This plate exhibits the course of the rays through a spherical 
lens. It is of special importance and requires to be carefully 
studied. 

By a spherical lens is meant a transparent substance, which 
is boimded on two sides by spherical surfaces, through which the 
rays pass. 



• They are super-poBed throughout the central portion of the image, and 
so appear to blend into an indistinct white image, 
t This is not a literal translation. 
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Figure 1. 

In this figure, M and M' are the centres of the spheres 
CBC and GBG'i between them the lentil-shaped piece of glass 
GBC'B' is contained. K the arcs EG and B'G be supposed 
to revolve about BB' as an axis, they will obviously pass over 
the whole surface of the body; which surface we suppose to 
be filled with the refracting substance. 

The line MM'^ which joins the two centres of the spherical 
surfaces, is called the axis of the lens; and the figure thus 
represents only the section of the lens by a plane which passes 
through the axis. The two surfaces of the lens are here 
formed by two spheres of equal radius; they might, however, 
have different radii. 

In the figure both surfaces are curved outwardly ; and such a 
lens is called dovble-convex. If both were curved inwardly, the 
lens would be double-concave. K one surface were plane, the 
lens would be either plano-convex or plano-concave.* Two 
other lenses are called concavo-convex or convexo-concave, 
according to the form of the surface first considered. 

In figure 1 ^ is a point in the axis of the lens from which 
rays fall upon the surface GBC'. It has been already ex- 
plained on Plate I, figure 3, that a ray incident on the plane 
surface of a transparent mass, is separated into two parts, of 
which the one enters the medium, and the other is reflected. 
The manner of this reflexion and refraction in the case of a 
plane surface is already known : but when the surface is curved, 
it will be most convenient to suppose it covered with a vast 
number of minute plane triangles, whose magnitude may be 
conceived to be evanescent; so that in the limit the surface 
will not in any assignable degree differ from one of continuous 
curvature. Suppose now that every ray which falls upon a 
curved surface lights upon one of these small plane triangles, 
then its direction after reflexion and refraction may be deter- 
mined as on Plate I, figure 3; the principal object being to 



* These lenses, when inverted, are sometimes called convexo-plane or 
concavo-plane. The two lenses last mentioned in the text are in fact the same 
lens considered iu iuvertcd positions ; and this lens is called a meniscus. 
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determine the direction of the perpendicular on such a triangle, 
which is caDed a normal to the curved surface. In the sphere 
these normals are manifestly no other than the radii of the 
sphere. 

If, for instance, it is required to determine the direction cib 
which the rskj Aa takes after entering the lens CC\ we must 
draw the radius Ma^ and determine the direction abj so that 
siabaM^ § sinAaM. 

If the ray ab comes again into the air at 5, its direction be 
is then found by drawing the radius M'b^ aud determining the 
angle M'bc^ so that sinJITdc = I HinM'ba, And in like manner 
all the rays of the figure are drawn. The entire pencil of 
rays CAG' in this way passes through the lens, and extends 
behind it, so as to occupy the space CHH'C'. The boundaries 
CH and C'S of this space again form what is called a dicb- 
caustic; for these lines are formed by the constant intersection 
of successive rays which fall (xl the arcs a (7, aC of the lens. 

But the rays which fall on the part cut' of the lens, no 
longer mutually intersect after emerging from it, but diverge, 
and can only intersect by being carried backwards. The 
figure shews these productions. They form by their mutual 
intersection another part lAT of the caustic. The branches 
GH^ G'H'^ A'l^ and A'I\ extend to infinity, and continually 
approach the asymptotes dc and d'd. 

It is of some importance to determine the position of the 
asymptotes with regard to the lens, for they divide it into 
two parts, which, as we shall see, produce effects essentially 
different.* 

If we now suppose the whole figure to revolve about the 
axis EF of the lens, the angle GA G' passes over the surface 
of the cone of rays coming from -4, and the lines Cff, G'H\ 
describe the conical space into which the refracted rays extend. 

So also the curved lines A'l and AT form by this revolution 
the cone-shaped portion of the caustic surface whose cusp is a,tA\ 
and which belongs to the pencil GA G' ; and the asymptotes form 
a conical surface which intersects the caustic surface in a circle 

* This is not a strictly literal renderiiig of the original. 
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whose diameter is 00\ Through this circle all the rays pass 
which lie within the asymptotic cone. 

If now we put r and r for the radii of the spheres M^ M\ 
and a = AB^ the distance of the luminous point from the surface 
turned towards it ; also a = BA the distance of the cusp A' 
from the second spherical surface, I = BB the thickness of the 
lens, n = refracting index, which is here taken =» 1.5, from the 
rarer to the denser mediiun ; if moreover tn = n — 1, then a 
is found from the equation 
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In the figure the half-thickness of the lens is taken as 

3 1 

the unit, and r = r' = 6, a = 3, Z = 2, w = - , and w = - ; hence 

^ 2 

we have 



1 1 4 


or a' = - 9g. 


1 I ' 1 13' 
12 3 12 a 



The negative sign of a shews that the point A is to be 
sought, not like the point A^ in the direct production of the 
radius M'B\ but by going backwards from B' through M'. 

The formula here given avails for all the six kinds of 
spherical lenses, by giving proper signs to the different mag- 
nitudes. 

In many cases the values of r, r\ a, a , are so considerable 
with respect to the thickness I of the lens, that this thickness 
may be neglected. In that case the formula becomes 

\ \ m m 

- + - = - + —, 
a a r r ' 

mm 1 ., . 
or puttmg 7 + 7 = p? It 18 

1 11, 
a a Jf 

which formula is exactly similar to that for the convex mirror. 
This equation enables us to find a when a and F are 
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given. If the luminous point A be supposed at an infinite 

distance, then - = 0, and F^a\ F is the distance of the focus 

a 

from the lens, t . e, of the cusp of that caustic which would be 

formed if the rays falling on the lens were parallel to its axis. 

In the lens here represented ^ = 6 ; therefore this point, 
if parallel rays were incident on the surface CBC\ would lie 
to the right of E at a distance equal to M'B\ the radius 
of the lens. 

It has already been observed, that only the pencil aAd 
which emerges between h and h\ affords rays which appear 
to come from the caustic lAF ; so that an eye would see the 
luminous point A at this part of the caustic behind the glass 
only, within the space bgKK'g'V. But if the eye were in the 
space CHK or C'H'K'y it would then receive rays which con- 
verge before the lens on the branches CS snd C'JT^ and which 
would in that case present an objective image hanging before 
the lens. That this image, however, would be much distorted, 
is apparent if the eye be supposed at that part of the axis 
where the extreme boundary rays CK and C'K' intersect it; 
for there all the boundary rays meet, and the eye must see 
the luminous point as a circle whose radius would be nearly 
that of the lens. Besides which, the eye would also receive 
rays appearing to come from -4', and there the point A would 
again appear as a point: and thus the image of the point A 
would be resolved into a circle and a point. 

In general, in the spaces CKHj G'K'H\ the eye would con- 
stantly observe two images of the point A^ as here it would 
always receive two rays in different directions; and in fact 
a lens exhibits these two images very readily. 

It is of importance to determine the space aa on the lens 
which separates the rays actually coming to mutual intersection 
after passing through the lens, from those which would only 
intersect if carried backwards, so as to form the part lAT of 
the caustic. These two parts of the lens are bounded by the 
asymptotes cd and cd' of the caustic. The position of the 
asymptotes can be found only by a somewhat careful calcu- 
lation. The angle which they form with the axis of the lens 
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is found in this case to be 7' 21' 15". The arc Eh = B'b\ 
in the extremities of which the lens cuts the asymptotes, is 
21'' 10' 56" ; and the ray Aa^ which after the second refraction 
forms the asymptote cd^ makes with the axis EF an angle 
= 24" 35' 7". 

Figure 2. 

The second figure, in which the same things are represented 
by the same letters, exhibits the course of the rays which pro> 
oeed from a point A^ out of the axis of the lens. If we suppose 
the point ^ to be the vertex of a pencil of rays which fall on 
tlie lens, the figure gives only those which lie in a plane passing 
through the luminous point and the axis of tlie lens. The 
caustic, even in this plane, has an im-symmetrical form; and 
tlie caustic which belongs to the cone is manifestly not gene* 
rated by the revolution of this caustic about any line in its 
plane. In general, it is not easy to form a clear idea of the 
formation of the other parts of such a caustic : for if from A 
a ray out of the plane of the paper falls on the lens, it 
remans after the first refraction, which is at tlie surface CBC 
in a plane which passes through it and the centre M of the 
sphere. It now proceeds in a straight line within the lens till 
it meets the second surface CB'C. In order therefore to de- 
termine its course on emerging into the air, we must draw 
a plane through the centre if of this spherical surface, and 
the direction of the ray within the lens, and the ray continues 
its course in this plane. As this ray has thus got into another 
plane, it is no longer evident what rays from A come to mutual 
intersection after being refracted the second time ; since, without 
calculation, it is in general uncertain whether universally and 
at every point of the lens there are such rays as intersect after 
emerging. 

The task, however, becomes simple as soon as the caustic 
is constructed which belongs to a pencil which has undergone 
only one refraction. Such a construction will hereafter be g^ven 
in Part 3. Such a caustic, for instance, is obviously symmetrical, 
and two successive rays In a plane passing through the luminous 
point and the centre of the sphere, constantly intersect after 
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refraction. The cusp of the first caustic will again give rise 
to a cusp in the second caustic, which may be supposed to 
arise thus, viz. that the rays fall no longer from the luminous 
point on the second spherical surface, but fix)m the caustic. 
And thus in our figure the point A\ which answers to ^ u 
found on the line m'^, which is no other than the raj Amtni^ 
which goes towards the centre M unrefracted, and which emerges 
at id after refraction at the second surface. The calculation 
of the position of the point A fixnn that of A^ is attended with 
difficulty. And as the first figure has been very carefrdly 
drawn, and this subject will come again under consideration 
in the tiiird Part, I do not think it necessary to say any- 
thing more now in explanation of figure 2, as an attentive 
comparison of the two figures will give the necessary results. 



PLATE X. 



Before the lens DE is an object ad)^ which is seen by an 
eye A behind the lens. The figure shews tiie effect of three 
luminous points upon the eye. The caustic answering to tiie 
point c, is DGFE and Hc'O. In like manner, the caustic 
DG'F'E and H'aO' belong to tiie point a, and tiie lines 
DG'F'E and V'b'G" to tiie pomt h. 

From a, tiie eye A receives a pencil of rays whose axis is aA, 
which is refracted from h towards t, and here leaves the lens 
in such a form as it would have if the rays composing it pro- 
ceeded from d\ therefore the eye sees the point a in a. In 
precisely the same way it sees, by means of the refracted pencil 
bklAy tiie point b in b'j and the point c in c'. It sees, therefore, 
the rectilinear object acb in the position dc'b'j which deviates 
from the rectilinear in the same way as both the otiier images 
d'b" and d"b"'y tiiough less observably. 

The visual angle aAb has altered into the greater angle 
dAb'\ and it is obvious tiiat the image deb' must appear 
magnified as compared with the object oci seen witii the naked 
eye. But even if the visual angle were not increased, the 
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lens might still magnify; for the visual angle, and therefore 
the object, would be enlarged if the eye came nearer to it. 
It is known, however, that the distance of distinct vision 
is between 8 and 10 inches. At a distance less than this the 
object becomes indistinct, because the eye is no longer able 
to bring the rays which enter it to convergence ; so that their 
points of convergence should fall on the retina. But if a lens 
DE is placed between the eye A* and the object a&, pencils 
from its different points will appear to come from the points 
cidb\ which lie at the distance of distinct vision : and thus the 
eye obtains a dear image of the object. 

By the help of the preceding plate we may eaaly be con- 
vinced that it is only into the space DIE that rays from all 
points of the arrow can find their way; and that it is only 
here we can have a view of the entire object. But this space 
is still more limited for distinct vision, on account of the pre- 
sence of such margin rays, CK^ C'K'j as have been represented 
in figure 2, Plate IX, by which double images would be 
produced. 

Afler what has been said it is not necessary further to 
explain how the eye A" observes the arrow in the distorted 
form a"c"b" ; and the eye A'" in the form a"'c"'b"'. These dis- 
tortions seldom appear so considerable to the observer, as he 
has no distinct notion tiiat the point c", for instance, lies really 
much nearer to him than a". 

It is impossible to explain every circumstance represented 
on these figures: many new questions will be suggested to 
an attentive observer — ^but their solution will generally be ob- 
tained by inspection, or at all events by some simple figure of 
his own. 



PLATE XL 

Figure 1. 

The first figure of this plate also represents the course of 
the rays through a double convex lens BE] but the luminous 
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point A is now at such a distance from it, that the caustic 
has become a curve DBE with a single branch.' The lu- 
minous point A is assumed to be in the axis AH of the lens, 
and its two surfaces are of different curvature. Moreover, each 
ray is separated into two parts, the extreme red and violet. 
This separation has taken place in the lens, but is too minute 
there to be represented in the figure. Outside the lens, however, 
the red rays form an outer caustic DRE^ which is separated 
from the inner violet caustic DVE, In order better to dis- 
tinguish the rays from each other, the violet, marked v, have 
been extended a little beyond the red r. The extreme red 
rays i>r, Er^ cut the axis of the lens in a: the distance of 
this point from the cusp R of the caustic, or the focus of the 
point A^ is called the longitudinal aberration. This point of 
the caustic is also called the central distance of the rays, in 
order to distinguish it from the proper* focus; by which is 
generally understood, the cusp of tiiat caustic which belongs 
to a luminous point at infinity* 

K now the whole figure be made to revolve about the axis 
AH^ it will describe the c^ace occupied by the rays which 
fall on the lens from A. The points F and O^ in which the 
caustic is met by the extreme marginal rays, describe by this 
revolution a circle, called the least circle of aberration^ because 
it is the smallest circle through which all the refracted rays 
pass. There are no spherical lenses in which the longitudinal 
aberration, and therefore the circle of least aberration, is zero, 
f . 6. which cause all rays proceeding from a point A to converge 
to a single point. But the radii of the spherical surfaces may 
be so determined, that these dimensions are a minimum; and 
this has been done with the lens here represented. 

The thickness of the lens is assumed = 1, AB = 37 ; the re- 

3 
fractive index n = - , and the focus R of the rays is at a distance 

= 4 from the point C, Witii these assumptions then, if the 
longitudinal aberration is to be a minimum^ the radius r of the 
circle DBE must = 2.584, and tiie radius r* of DCE must 

* The principal focus. The terms here employed are not quite the same 
as those commonly used in Cambridge. 
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= 7.971. A lens which has the property of making the longi- 
tudinal aberration a mininmm, is called a lens of the heat form. 
If the rajs are parallel, and the focus lies so far behind the 
lens that the thickness of the lens compared with its distance 
may be neglected; in that case, the surface directed towards 
the rays must be about six times more curved than the other 
surface. A lens of this kind, in which the circle of least 
aberration is a minimum, is well adapted for a burning-glass. 
If the surface of less curvature were turned towards the sun, 
the same lens would concentrate the rays much more feebly, 
and thus be much less powerful. A figure in the third Part 
will exhibit this property of the lenses. 

K through a small circular aperture rays be allowed to fall 
on a double convex lens, and the pencil of rays which has 
passed through the lens be received on a sheet of white paper 
behind it, a bright circle with a red rim is seen near the lens, 
which becomes smaller and brighter as the paper is withdrawn 
from the lens, and at length at the position FO appears without 
colour. K the paper is placed between F and J?, a still smaller 
bright circle appears, which however is surrounded by a larger 
circle, more faint, and edged with blue. In the point R itself 
the bright circle is the smallest, and its circumference best 
defined. Beyond that point appears only a large, faint, and 
ill-defined circle. 

These phsBuomena are fully explained by the inspection of 
the figure. It is seen also that the circles referred to must be 
brighter at the circumference than in the middle, as there the 
rays are more thickly crowded together. If in the equation * 

1 1 I 

m 1 m 1 n 
r a r' a 
employed for Plate IX, the distance a of the luminous point 
be taken =00, the distance cl of the image from the other 
surface is given by the equation 



a = 
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and if ci is put =: go , we have 



r 
a =s 



w (r -f r 1\ 



From these equations it appears, that of the two foci of the 
lens, that is nearest to it which is opposite to the surface of least 
curvature. From the values above assumed we have d = 3.510 
and a = 3.861. 

If then the point A be supposed to be to the left of the lens 
at infinity, its focus B, falls at a distance 3.510 from the point (7, 
If A approach nearer, B. removes from the lens, but very slowly. 
For instance, its distance increases only from 3.510 to 4, 'while 
A moves from infinity to within 37 times the thickness of the 
lens. Now, however, the point B, moves rapidly from the 
lens as the point A approaches nearer; for if the luminous 
point is only about 3.861 from the lens, the focus R is already 
at infinity. By a still nearer approach of the point A^ the 
caustic assumes a different character, as is plain from Plate IX. 
Its cusp now falls on the left side of the lens, at first at infinity ; 
it then comes nearer the point ^ as ^^ approaches it, but still 
remains at a distance from it, in our case of about 0.696, even 
when A coincides with it. 

If now the luminous point A move to the right of the 
lens in (7, its focus also falls to the right at a distance = 0.765. 
So that an object which is placed close to the right of the lens, 
appears somewhat more magnified than if it were placed at B 
and observed from G. If, again, the luminous point be removed 
to a distance •= 3.510 from the lens, its focus moves to infinity. 
With a greater distance of the point A^ the caustic changes into 
the form here given; its cusp falls to the left of the lens, and 
approaches it within 3.861 if the luminous point be at infinity. 

Figure 2, 

This figure represents the effect of a pencil of rays, whose 
vertex A no longer lies in the axis HB of the lens. K this 
vertex is below the axis, the corresponding focus B is formed 
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above it. Since tlie same points are here marked by the same 
letters as the corresponding ones in figure 1, this figure re- 
quires no further explanation. The complete system of rays 
which corresponds to this representation, does not however arise 
from the revolution of the figure about any straight line, such 
as ABj which joins the points A and By but does not much 
differ from such a solid of revolution, if the luminous point 
be not far from the axis. 

Figure 3. 

The two first figures are here made use of in order to illus- 
trate the formation of a]i objective image behind a lens. The 
object oAa is at the same distance from the lens as the point A 
in figures 1 and 2 ; only that it has been necessary to shorten 
the rays to obtain sufficient space behind the lens. The figure 
represents the caustics which correspond to the point, the middle, 
and the end of the arrow, and both the extreme red and the 
inner violet rays. The points of these caustics are respectively 
r, By r, and v, F, v. The lines themselves are extended to the 
ends D and E of the lens, though in fact they terminate sooner. 
But to determine the point at which they stop requires a special 
calculation, which has been omitted because it is not essential. 

The eye in the axis of the lens receives pencils of rays 
whose vertices almost entirely coincide with the cusps of the 
caustics. The figure shews only the axes of these pencils. The 
observer thus sees a diminished, distorted, and red image of 
the arrow in the position rBr^ and behind it a similar violet 
one, vVv. Between them lie a multitude of other images, 
with the various other prismatic colours. These images are 
nearly all concealed from the eye 0, which therefore sees the 
object almost without any prismatic colouring. 

The vertices of the red pencils of rays which the eye P 
receives, lie on the line jjp' ; and in this position the arrow cui 
also appears to the eye. The figure distinctly shews how the 
violet image is formed behind the red, and somewhat lower. 
Therefore the object will be seen from P with its natural colour 
only in the middle ; it will appear red at the upper margin, and 
violet at the lower ; for there the prismatic colours do not dis- 
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appear by total combination as they do in the centre. In 
exactly the same way the eye Q observes an image of the object 
in the position ^'9; but this image is manifestly violet above 
at q\ and red at the vertex 5.* 

That moreover at the sides, even in small objects, prismatic 
colouring will also appear, is soon perceived, if it be considered 
that the caustic surfaces, which arise from points without the 
axis, are not symmetrical ; and thus the vertices of the pencils 
of rays which reach the eye will not be in the same plane. 

It is manifest that, on a white screen, in the neighbourhood 
of J?, an inverted diminished image of the object may be ob- 
tained exactly with the convex lens. In other positions this 
can not be the case any more than in the concave lens; for 
here also the caustic surfaces of the luminous points would be 
intersected by the screen in circles, and not in points, as it 
must be to bring out a distinct image. 



PLATE XII. 

Figure 1. 

This Plate shews the effect of a double-concave lens. The 
vertex of the incident pencil is at Aj the axis of the lens ABGD. 
On this line therefore lie the centres of the spherical surfaces 
which bound the lens. Two consecutive rays, -4a, Acl^ are 
refracted, first towards oi, a'h\ and then after a second refrac- 
tion emerge from the lens in directions ic, Vc', If these lines 
are carried backwards they unite in d\ and thus an eye which 
received the minute pencil lying between the lines he and J c', 
would there see the point A. And it is now sufficiently evident 
how, by the constant succession of such points as rf, the caustic 
I8K is produced, and how we obtain an idea of the caustic 
surface and the entire system of rays which occupies the space 
bounded by that surface, by supposing the figure to revolve 
about the axis AD. 



* This eye has been omitted. 
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The pencil AEF extends, after refraction behind the lens, 
into another LOHM^ whose vertex is at 0. If then the light 
which has passed through be received behind the lens upon 
a white screen, faint circles only are observed, which become 
larger and darker as the screen is removed from the lens. If 
such a concave glass, fixed in a dark ring,* be exposed to 
the sun's rays at a distance even of a few feet, the ring casts 
a shadow, such as it would if covered by an opaque disc ; for 
the sun's rays which pass through the glass are even there 
extended over so wide a space, that their effect almost entirely 
disappears. 

Figure 2. 

The change which the caustic undergoes if the luminous 
point A is moved out of the axis, will at once appear from 
this figure. The cusp 8 of this caustic lies on the ray QR^ 
which depends on the ray APQ] and this ray has passed 
through the centre N of the circle EF^ so as to enter the lens 
unrefracted, since it falls perpendicularly on its surface. 

Figure 3, 

Through a double-concave lens, or through any concave 
glass, the object is seen before it, diminished, in an upright 
position, and nearer to the observer. This figure, in connec- 
tion with the two preceding, distinctly represents this effect 
of such lenses. 

Of the object -4^, -4, -4^, the three caustics have been con- 
structed which correspond to those three points. The eye 
in the axis of the lens receives pencils of rays, whose vertices 
appear in a,, a, a,; and thus an image of the arrow is seen 
by it here, which is but slightly diertorted. On the other hand, 
in other positions, as in P and Q, images hfib^ and cfc^ are 
seen of the straight arrow A^AA^ observably distorted. In 
regard to the eye P the process is as follows : A^E represents' 



* If the lens be not held in a ring, so as to have its edges completely 
oovered, there will be an iUiunination of the screen due to the rays which 
emerge from the edges of the lens. 

D 
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the axis of a small pencil whose vertex is in ^^ ; it enters the 
lens refracted into the direction EF^ and leaves it at F again re- 
fracted, so that it reaches the eye P as a pencil whose vertex 
is \. In like manner, AOHP and AJKP represent the axes 
of pencils corresponding to points A and A^^ and h^ b^ give 
the positions of the vertices of the pencils whose axes are re- 
presented by HP and KP. The eye P, therefore, observes an 
image of the arrow in the position bjbb^. For the eye Q the 
figure gives the axes of the rays which give rise to the image 



PLATE XIII. 

Figure 1. 

After having shewn in the preceding plates the effect of a 
convex and of a concave lens, our object in this is to exhibit 
the effect of a combination of the two. Such a combination 
is no other than the Telescope of GaltleOy or the common opera- 
glass in its most idmple form. As it was not necessary here 
to give the best form of such a telescope, but merely to explain 
in general the effect of such a combination of lenses, the forms 
of both "glasses have been taken at pleasure. 

The line AF represents the common axis of both lenses* 
From the point A of this axis a pencil falls on the convex lens 
HIj or, as it called, the object-glass of the telescope. Of this 
pencil a small part has been left out for want of space. This 
pencil would form a caustic surface behind the lens, whose cusp 
would lie in F^ if the concave lens DF did not receive the 
rays refracted by the first lens, which now enter it between 
K and i, and leave it between M and JV, in the form of a 
diverging pencil MNPOj which appears to proceed from the 
caustic MON. On this caustic an eye which received the 
diverging pencil would see the point A. 

♦ This eye is omitted. 
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Figure 2. 

In this figure the effect of the two lenses is represented on 
a pencil whose vertex A is no longer on the common axis. 
It is here only necessary to remark, that the rays which fall 
between N and Q here undergo total reflexion and return into 
the lens, as shewn in the figure. 

Figure 3. 

This figure shews the formation of the image in such a 
telescope. Of the three points -4^, -4, A^^ of the object, three 
caustics have been foimd, whose cusps are in a,, a, a^. The 
eye P receives pencils whose vertices are In these points. If 
the arrow is to be distinctly seen, the image a^, a, a^, must 
stand at the distance of distinct vision of the eye ; and as this 
is different for different eyes, the distances of the lenses must 
be altered, which is effected by means of two sliding tubes. 
The visual angle a^Pa^ is greater than the angle under which 
the object A^AA^ actually appears to the eye; therefore the 
combination of these two lenses not only makes the object more 
distinct, but also somewhat magnifies it. The degree in which 
it is magnified may be judged of thus, that the line FG* gives 
the magnitude which the object would have if It appeared to 
the eye under the same angle as the image a^aa^. 

The eye Q receives from A^ a pencil whose axis is repre- 
sented by AH. This enters the lens in direction HI^ leaves 
it in direction IK^ and thus twice refracted at K and L comes 
into the eye in direction LQ, At L its rays leave the lens 
as though they all come from \] therefore the eye Q sees 
here an image of A^. To avoid crowding the figure with 
letters, the other pencils, which are easily understood, are not 
given. It will be seen at a glance how the image bfib^ Is 
formed for the eye Q, A combination of two convex lenses, 
employed In what is called the Astronomical Telescope^ has been 
reserved for the Third Part 



* The points F and G are detennined by pfoducing the lines Ea^^ Ea^, 
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PLATE XIV. 



It is, in fact, to the subject of this plate that this work 
is due. As teacher and examiner I had found that very few 
of those who study physical science possessed a distinct notion 
of the formation of the rainbow. This defect evidently arises 
among us, partly from the limited extent of mathematical know- 
ledge, but partly also from the superficial method in which this 
subject is handled in the conmion treatises on physics. 

I became convinced, however, that a careful graphical re- 
presentation of this phenomenon would be sufficient to convey 
a satisfactory notion of the nature of it, even to those whose 
mathematical knowledge was small. Such a construction of 
the first rainbow answered my expectation so fully, that the 
thought occurred of applying the same method for the illus- 
tration of other optical phsBnomena. 

The first figure represents by the circle, whose centre is Jlf, 
the section of a sphere of water, or of a niagnified drop of rain, 
by the plane of the paper. From an infinitely distant point 
of the diameter IG of this circle parallel rays fall upon it. Of 
th&se rays only the upper half FOfg have been drawn, to allow 
space below for the emerging rays. 

As soon as these rays fall on the drop they are separated 
into two parts, of which one is reflected, and so makes the 
sphere visible, (t. e. if the scattered rays are reckoned among 
these) ; the other part, refracted and resolved into colours, enters 
the sphere. In the figure only the red refracted rays have been 
retained. The mutual intersection of successive rays gives rise 
to a caustic which is intersected by the drop at c, and extends 
towards ^, without reaching this point. AU the rays which 
fall on the quadrant Og^ are compressed into the narrower 
space /c, are here separated into two parts, of which one leaves 
the sphere refracted, the other returns into it by reflexion, and 
here extends over the arc 01. By this reflexion the rays again 
form a caustic cH. As soon as the rays have fallen on the 
arc 01^ they are again separated: the reflected part of them 
is not included in the figure, but the refracted part is repre- 
sented as being the most important for our object. 
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The part which emerges between I and d^ forms here also, 
by mutual intersection of successive rays, the caustic Zw, which 
at a greater distance from the drop nearly coincides with its 
asymptote de. This asymptote is formed by the ray erf, reflected 
at c, after it has left the drop refracted in d. In the figure the 
entire course of this ray is made conspicuous, as being of special 
importance, by the darker line ahcde. The ray de also forms in 
fact the asymptote of the caustic, or meets its neighbouring ray 
at infinity, as appears from the consideration that the parallel 
rays nearest ab intersect after refraction at the surface of the 
sphere in c,* and here on account of the symmetry of the sphere 
are reflected in the same way as they were incident, and there- 
fore at d must leave the sphere again in a state of parallelism. 
K an eye receive the rays which emerge between G and rf, it 
will have only a faint sensation of light from the luminous 
point, for these are less concentrated than the original rays, as 
ifl obvious from the figure, and are besides much weakened by 
their resolution into colours, and frequent reflexion and re- 
fraction. On the other hand, the rays which emerge between 
d and I are much compressed, and at the edge of the caustic Im^ 
which at a greater distance from the drop is almost confoimded 
with its asymptote, are sufficiently powerfril to affect the eye 
strongly. 

The effect on the eye will be greater on this account also 
that in the space kHm they are doubled over each other, for the 
rays which fall on the drop between ab and fg are refracted 
towards the arc cA, and here so reflected as again to form a 
caustic in the sphere extending from I to h^ but which is not 
sufficiently distinct in the figure, as in it the rays are made 
to emerge too far apart. 

We have hitherto only followed the course of rays in a plane 
passing through the luminous point and the centre of the sphere. 
But if we suppose the construction carried out in this plane to 



* Two rays refracted near to b intersect in the point c because it is a point 
on the caustic eg. Hence the inclination of the two rays after reflexion at e 
is the same as it was before incidence at c. Also, since cd = cb, the effect of 
refraction at cl is exactly the same as that of the refraction at b ; consequently, 
on emerging at d two contiguous rays will be parallel. 
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revolve about the axis ZF, the Bemicircle Ogl passes over the 
upper surface of the drop, and the line^ passes over the cylinder 
occujHed by parallel rays which falls on the sphere. The caustic 
lines then describe caustic surfaces, at which the reflected and 
refracted rays of the incident cylinder intersect. The line de by 
this revolution passes over the surface of that cone which always 
approaches nearer to the caustic described by the curve line, the 
further both are from the sphere, but never coincides with that 
caustic* 

This cone is thus the asymptotic cone of the caustic surface. 
AcGordin^y, an eye placed at the requisite distance from the 
surface of this cone receives from the luminous point red light. 
For the red rays, the side of the asymptotic cone makes with 
the axis of it an angle of 42''.2', and this is the value of the angle 
which de makes with IF or with ne. 

If an eye be supposed placed in a fixed position in the 
horizontal line ne which runs parallel with ZP, and the drop in 
such a position that IF coincides with ne^ the eye will then 
i^eceive but a faint impression derived from rays which emerge 
inmiediately below <?; but if the drop move perpendicularly 
from the line ne, so that IF is always parallel to this line, rays 
will fall upon the eye, emerging with continually increasing 
density, but still not sufficiently powerful to produce a sensation 
of light.^ It is only when the globule in the way stated is 
raised so far that the eye is met by the asymptotes of the caustic, 
or is on the asymptotic cone, that a red image of the luminous 
point (which is infinitely distant in the direction FO) is seen. 
The word image here is used in a very general sense, as sig- 
nifying only a sensible perception of the object by the eye. 

But if the drop be raised still higher above the horizontal 
line «6, the eye will no longer be struck at all by the rays of the 
luminous point. 

Suppose now a plane perpendicular to the line ne to be 
thickly covered by drops of rain, and a luminous point from 



* At the distance of the eye the divergent rays which emerge from the drop 
are so widely separated that they cease to produce a sensible impression of 
light. See p. 33. 
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infinity in the direction ne to throw red rays upon this plane, 
then the eye A will see on this plane a red circle whose centre 
is in the line ne and whose radius will have an apparent mag- 
nitude of 42''.2'; for all the spheres which are on a line making 
this angle with the line ne make an impression on the eye. The 
drops within this circle will not indeed make a vivid impression^ 
but always more so than those which lie without the circle, for 
from these the eye receives no rays coming from their interior, 
but only those whidi are reflected from their surface, so that the 
inner part of tins drde must appear brighter than the outer. If 
instead of a single plane the entire space before the eye were 
supposed filled with drops of rain, then all the globules lying on 
the surface of the cone generated by the revolution of the angle 
den about the fixed Ime ne produce a sensation of light ; the eye 
would manifestly see only a circle, as it is situated at the vertex 
of the cone, but this circle would increase with the distance of 
the rain-drops. 

We have assumed for the red rays the index - , that for the 

1 . 

violet rays is greater by about r- . On this account the angle 

whidi the side de of the cone makes with the axis IG Is di- 
minished to 40°.16', and the angle den would be also ^0M6'. 
Hence the eye at A perceives on a plane covered with drops 
illuminated with violet rays from a point at infinity, a violet 
circle whose apparent radius is 40°.16'. 

But if from such a point white light falls upon a rain-drop, 
it will be resolved into prismatic colours; and if the drop is 
40''. 16' above the line ne^ then the violet rays fall upon the eye A ; 
if the drop be higher, the other prismatic colours reach the eye, 
till at length, if the drop be 42*'.2', only the red rays come into 
the eye. If now a point at infinity illuminates with white light 
a space occupied by drops of rain, and a straight line An be 
drawn through the luminous point and the eye A^ then all the 
drops which lie on the surface of a cone whose side ed forms 
with the axis en^ an angle =:40''.16','^nd violet rays to the eye, 
and from those which are on the surface of a cone whose side 
makes 42''.2' with the axis, it receives red rays : between these 
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two conical surfaces lie the Innumerable other rays by which 
the other prismatic colours reach the eye. 

These conical surfaces are intersected in circles by planes 
perpendicular to the axis ; therefore a single luminous point at 
a great distance would produce on a screen of rain a pris- 
matically coloured circle, whose apparent angular breadth 
would be 42°.2'— 40^16'= 1%46' : the appearance is not interfered 
with by the circumstance that the drops are in falling motion, as 
the place of a falling dr(^ is immediately supplied by another. 

But such a circle Is produced by every point of the sun's 
disc. K one set of rays, the red for example, alone proceeded 
from the sun's surface, a red circle would be seen on the screen 
of rain, whose apparent breadth would be 32', t,e. the apparent 
magnitude of the sun's diameter. 

But as the sun emits white light, every prismatic colour gives 
rise to a circle of the same breadth ; these circles partly overlap 
and increase the above-stated breadth of the prismatic rings 
by about 32', so that the whole apparent rim of the rainbow Is 
1°.46' H- 32' = 2°.18', or rather greater than 4 times the sun's 
apparent diameter. 

These numbers would have to be somewhat modified if the 
form of the rain-drops were not reckoned exactly spherical, and 
indeed careM measurements make the apparent radius of the 
rainbow about half a degree less than the angle which the 
asymptote of the caustic makes with the incident ray. Mr. Airy 
has explained this phenomenon according to the theory of 
undulations thus, that the greatest intensity of light at the 
caustics does not lie in the asymptotes.* 

When the sun is In the horizon, the rainbow appears only as 
a semicircle, for the axis of the cone whose vertex is in the eye 
falls on the cloud in the horizon. If, on the other hand, the sun 
has more than 42 J degrees' elevation above the horizon, the first 
or principal rainbow can In general be no longer formed. 

♦ See Cambridge Philosophical Transactions^ vol. vi. p. 391. The words 
used by Mr. Airy are, " The maximum illumination does not take place 
at the Geometrical Caustic." 
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Figure 2. 

It is weU known Hiat over the first or principal rainbow a 
space appears somewhat darker than the rest, and then follows 
a second broader but much fainter rainbow, whose colours are in 
reversed order, so that it begins with the red and is bounded 
without by the violet rays. The second figure explains fully 
the rise of this rainbow. Between the lines ra and gh parallel 
rays from infinity fall on the spheres whidi enter them refracted. 
Of these refracted rays the red only are retained as before. 
These rays are concentrated on the arc olp^ are here separated 
into two parts, of which the one leaves the drop and forms the 
caustic oKp^ the other returns into the drop, and at the other sur- 
hjc& is again separated, whereby the emerging refracted part, here 
left out, gives rise to the principal rainbow, but the reflected 
part within the drop forms a caustic with cusp L, and then 
emerges refracted. This emerging part now gives rise to the 
second rainbow, for it also produces a caustic, which appears 
faintly marked in the figure (between I and f) on account of 
the great separation of the rays. 

The individual ray which forms the asymptote of this caustic, 
observed by the eye at A^ is marked with the letters abcdef. 
Whereas in the formation of the first rainbow, that part only of 
the sun's rays is effective which falls upon the upper half of the 
drop, the rays which enter the under part give rise to the second 
rainbow ; the angle efn^ which the asymptote ef makes with the 
line fn parallel to the axis /<?, is for the red rays 50°.59', for 
the violet 54M0'. 

After the explanation of the first rainbow, it is only needftd 
to remark that, in accordance with the figure and calculation, 
at an elevation of 50'*.59' above the line which passes through 
the sun's centre and the eye of a spectator with his back to the 
sun, the centre part of a red circle 32' broad will appear on 
a screen of rain, while at 54°. 10' will be seen the middle part of 
a violet circle of the same breadth. Between both lie other 
exactly similar circles, illuminated by the other prismatic colours* 
The second rainbow has thus a breadth of 

54M0' - 50".59' -f 32' = 3°43', 
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and IB at its lower red part distant from the extreme red of the 
principal rambow, 70\25'. The drops which are between both 
rainbows send to the eye no rays whatever of those which come 
from within them, but only those reflected frx>m their surface ; 
therefore this part appears darker than the rest. 

If the sun's rays were of such intensity as not already to 
have been too much weakened by the many reflexions and 
refractions, it is manifest that more rainbows might be formed, 
whose brightness however would be continually diminished. ' 

The third rainbow, for example, would surround the sun 
at a distance of 3Vy and at 42° end with the violet part, and 
thus have a breadth of 5*". It would, on account of its breadth 
and faintness, be scarcely visible, while the nearness of the sun 
would make it still more indistinct even if the conditions for its 
formation existed. 
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NOTES ON PLATE I. 

(1) The equation of the caustic in figure 3 is easily found. 
Thus if IT be the origin of coordinates, HA the positive direction 
of the axis of x^ HE that of y ; if also HA be put equal to a, 
HA' to a, and fi be the distance from JJat which the incident ray 
meets the surface of the medium, the equation of the reflected 
ray will be 

M=i (^)' 

and we shall have, by the law of refraction, 

or /iV + (/*'- 1) i8» = a« (2), 

/i being the index of refraction for the medium below the line 
DE. 

Now if X and y be the coordinates of a point on the caustic, 
they will remain constant when a and ft vary by an indefinitely 
small quantity. Hence, by differentiating (1) and (2), we shall 
have the following relation between Xy y, a, and fi ; 

X 






a« 



therefore 



X y 

To^-^W^^ (')' 

= 4 by (1) and (2). 
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Therefore 



8 B V 

a? /A 05 



a 



tt 9 



3^_(/*''-i)y;. 



a 



therefore, by equation (l)y 



/*y+(/*'-l)*y' = a*, 



or 




IL 



= 1. 



a 



(4). 



V(/*'-i), 

Now if a, and h^ be the semiaxes of an ellipse, the equation of 
its evolute is 




\ 



+ 



Ji 



<^^ 



= 1 



(5). 



Comparing this with (4), it appears that the caustic curve is the 

evolute of an ellipse whose eccentricity is - , and whose semi- 

major-axis is fjM, 

In the case of water, /a = 3, and therefore the equation of the 
curve represented in figures 3 and 4, is 



r x\ 
3a 



Ui) 




= 1. 



If in figure 5 the distance of the point A fi-om the surface of 
the medium be put equal to a, and the same axes of coordinates 
be adopted, a similar investigation will shew that the equation 
of the caustic curve is in this case 




JL 

fJM 



= 1, 



V(/*'-i)J 

which is the equation of the evolute of a hyperbola whose eccen- 
tricity is fly and whose semi-major-axis is 



/* 
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In the case of water the equattion becomes 



' X 



4a 




It thns appears that for the same medium the caustics cor- 
responding to different points are all similar curves, so long as 
the points are all within or all on the outside of the medium. 
The dimensions of the curves meanwhile vary for different 
distances of the luminous point from the surface of the medium. 

(2) Figure 4 explains the way in which an object under water 
becomes visible to an eye above the water; and also very 
clearly shews the change of form which the object appears to 
undergo in consequence of refraction. Figure 6, by construc- 
tions of a similar kind^ shews the form which an external object 
assumes to an eye under water. A consideration of figures 
3, 4, 5, and 6, will enable us to understand the general appear^ 
ances presented to an eye under water, or within any refracting 
medium. 

It will be taken for granted that if a ray of Ught can be 
proved to take a particular course in passing from any one point 
of space to any other, a ray of light proceeding from this latter 
point to the former one will follow exactly the same course 
reversed. 

Now in the explanation of figure 3, it has been proved that 
rays of light issuing in every direction from the point Ay and 
after undergoing certain modifications (which were explained), 
eventually reached every point of space. For it was shewn that 
all the rays between AD and AE emerge from the water after 
undergoing refraction at its surface, and so pass to all external 
points of space. All the rays also beyond AD and AE after 
incidence upon the surface were shewn to be totally reflected 
and turned back into the medium; whilst all points within the 
medimn are of course reached by rays which proceed in straight 
lines from A, 

Suppose then that an eye is placed at the point A in figure 3. 
The lines which have been considered as rays proceeding borsx 
A may now be regarded as the axes of pencils which reach the 
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eye from all points of space. Since, therefore, of the rajs which 
issued from Ay those only which occupied the space DAE could 
emerge, and having emerged were shewn to proceed to all 
external points of space; conversely, the axes of pencils pro- 
ceeding from all external points must, in order to reach the eye, 
enter the medium at points situated between D and E. For 
instance, the ray AK proceeds after refraction in the direction 
KL\ therefore, by the principle we have assumed, the axis of 
a pencil proceeding from L must be refracted at iT in order to 
reach the eye at A, An object at L will thus be seen in the 
direction AK. 

All external objects then to an eye under water will appear 
to be gathered into a cone, whose semi-vertical angle is sin""*(f). 
Those objects which are nearly opposite to the eye in the 
^Urection AF will appear to be very little displaced from their 
real position, whilst objects near the horizon will be crowded* 
together in the neighbourhood of the cone's bounding surface. 

In like manner it will be seen that all objects under water 
and beyond the lines DF, EO^ will be twice seen; once by 
direct rays, and again by rays totally reflected at the surface. 

It is worthy of remark that all objects situated on the lines 
DFy EOy will be seen by reflexion very nearly in the same 
direction as external objects situated on the horizon. In this 
way a fish may appear to be swimming amongst the grass or in 
the branches of a shrub. 

A little consideration will also shew that a stick or any other 
object partly immersed in the water beyond the points D and E 
win appear to be separated into two parts. The part which is 
above the water will appear, with other external objects, within 
the cone above mentioned. The part which is immersed in the 
water will be seen by direct vision in its true position, and also 
by total reflexion, as it would be if it were viewed in contact 
with a polished plane mirror. 

Objects under water in the space between the eye and the 
lines DFy EO^ will be seen only by direct vision ; for although 
the rayff which proceed from them are partially reflected at the 
surface, yet so large a portion of the light emerges that the 
image formed by reflected rays is too faint to be distinguished. 
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The rays in the figure are confined to one plane. All that 
has been said applies equally to any plane through AI^ and 
the whole effect may be represented by supposing the figure 
to revolve about the line AL 

An expert diver (as I have been informed) may see these 
phenomena whilst he is bathing. Of course he wilt only obtain 
a confused impression of the true appearance, because the suiv 
face of the water will be in a state of greater or less agitation. 



NOTES ON PLATE H. 

(1) The following investigation of the equation of the Caustic 
by Beflexion at a circle, as represented in this figure, is the 
same in principle as the one given by Lagrange in the Mem. 
de Turin^ and to which attention was called by Mr. P. Smith, 
of the British Museum, in the Gambrulge and Dublin Mathe- 
matical Journal^ vol. II. p. 236. 

Let the origin and axes be taken as in the text, and let 
r be the radius of the circle, a the distance of the luminous 
point from the centre.* 

Let a be the angle of incidence of any ray proceeding from 
C, the angle which the radius, drawn to the p(»nt of inci- 
dence, makes with the axis of x\ then — a will be the angle 
which the reflected ray makes with that axis. 

Now the length of the perpendicular from the origin upon 
the reflected ray is r sina ; the equation of this ray is therefore 

y cos(5 — a) — X sin(5 — a) = r sina (1). 

We have also the relation 

r sina = a edn(d + a) (2). 

Eliminatmg a from these equations, and reducing, we obtain 
for the equation of the reflected ray, 

aa?sin25 — ay cos25 — ncsin^ + ry cos5 = ar sind ... (3). 
* The reader is requested to draw a figure for himself. 
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Now, at the point where this ray touches the caustic x and y 
remain constant, whilst varies by an indefinitely small quan- 
tity. Let us for convenience write /oos2)8 for a;, and /sin 2^ 
for y. The last equation becomes 

a/^sin2(5-)8) - rf sin (5 - 2/S) = ar smO. 
Again, let 5 = ^ + )8, and therefore 5 — 2)8 = ^ — )8; 

.\ a/'sin2^ = rf sin(<^ — )8) H- ar sin(<^H-)8) 

= ^(^+/) cos)8 sin0 H- r{a—f) sin)9 cos(^: 
dividing both sides of the equation by arfsin^ cos^, 

\j a) cos^ \/ a J sin^ r 
1 1\ ^ 2P 



Let (_+_)co8/3 = ^, 



then 4- -^ = 1 (4). 

COS0 sm^ ^ ' 

Now, if we suppose to vary whilst P and Q remain con- 
stant, it is the same thing as supposing to vary whilst x and y 
remain constant. But upon this supposition we obtain, by dif- 
ferentiating equation (4), 

P Q 



and substitating in (4), 

Baislng this to the third power, 

.-. 1- (P' + g») = 3P*(2'; 
/. {1-(P'+(3»)}» = 27P'<?'. 
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Now p- + <3^ = ^ 11 + 1 + ^ co82ys} 



r 



7^ 



(«»+/" + 2a/ C0S2/S) 



^a\a? + f) 



(a*H-a;*'H-y + 2aa?), 



1 - (i- + V-J - i^v+?) ' 

and P'Q' = ^ (75 ~ ^)" sin*/S cos'/S 

^/ (/'-aT/^8m'2/3 
" 16 ' 4ay 

Therefore we derive the following equation of the Caustic : 

{(4a» - O (^ + 2^') - 2«^^ - aV}« = 27aVy (a^ + 3^* - «»)«. 

(2) The equation of the Asymptotes of the Caustic may be 
found by the consideration, that it touches the caustic at an infinite 
distance. Now, since the caustic is formed by the intersection 
of consecutive reflected rays, if two of such rays intersect at 
an infinite distance they are parallel. Now — a is the in- 
clination of any reflected ray to tibe axis ; so tiiat if two con- 
secutive rays be parallel, d — a will not vary when and a 
vary by an indefinitely sma^ quantity. We must therefore 

have ^ = 1 in the case of the ray which, after reflexion, 

becomes an asymptote. 

Differentiating (2) on this supposition, we obtain 

r cosa = 2a co8(5 + a) ; 

- . 2acos5 — r 

hence tana = — - — . ^ , 

2a sm^ ' 

and from (2), tana = 7; . 

E 
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Equating these values of tana, and reducing, 

2a" + r* =: 3ar cos^ (5), 

an equation which determines the point of incidence of the ray 
which, after reflexion, becomes the asymptote. 

In order to obtain the equation of the Asymptote, we must 
substitute in (3) the value of obtained from (5). Now (3) 
may be written 

y {a cos29 — r cos 0) = sin 9 {a: (2a cos© — r) — ar}, 

sinO(2acosO — r) / ar \ 

^ acos20 — rcosO V 2acosO — r/ 

On reducing this equation by means of (5), the equations of 
the asymptotes will be found to be 

4a* -r" //4a"-r"\ / 3ar' N ,^, 

These equations at once shew that the distance Mq is equal 

to — 1 1 . (See p. 11.) 

4a —r ^ ^ ' 

(3) The expression for sinm, in p. 11, may be readHy found. 
Putting m = — a, and substituting, we have 

r sina = a sin(w + 2a), 
r cosa = 2a cos(m + 2a). 

Multiplying the first equation by 2, squaring and addmg, 

r*(l-f-3sin*a) = 4a«, 

. , # 4a* - 7^ 
.-, sm*a = g^ . 

Multiplying the first equation by 2 cos 2a, the second by 
sin 2a, and subtracting, 

2r cos2a sina — r sin2a cosa == 2a sin???, 

or — r sin^a = a sinm ; 

r 
a 

'4a* - r*\i 



smw = sm'a 



" * ar* V 3 ) 
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The two signs shew that there are two asymptotes equally 
inclined on opposite sides to the axis of x. 

When a = -J i.e. when the luminous point is haJf-way be- 
tween the centre and the circumference of the reflecting circle, 
sinw = 0, and the asymptotes coincide with the axis of x. 

Equation (6) shews that there can only be an asymptote 

when a lies between - and r. When a = rj the luminous point 

is on the circumference. In this case equation (6) assumes the 
form x^Tj and is the equation of the ray perpendicular to 
the axis which undergoes no reflexion. The caustic is in this 
case the cardioide. 

(4) K we describe a circle with centre M and radius MCj it 
is plain that the ray Ce^ and its reflected ray ed^ both touch 
this circle, and contain between them a greater angle than 
any other such pair of rays, since every other incident ray is 
nearer to the centre than Ce. Every other ray through C cuts 
off a certain arc from this circle, and the corresponding reflected 
ray cuts off an equal arc, because by the law of reflexion every 
incident ray is at the same distance from the centre as its re- 
flected ray. K, therefore, we consider any ray incident near 
to the ray Cfe, after reflexion, it will cut the circle in two points 
very near to the point d ; and two such rays to the left of Ce 
will, after reflexion, intersect each other in a point within the 
circle. Suppose these rays to approach to the position Ce^ the 
above-named points continually approach each other and the 
point d. Hence in the limit the ray ed and its immediately 
consecutive ray will intersect in dj and therefore d will be 
a point on the caustic. 

Since also the angle Ced is greater than the angle between 
any other pair of incident and reflected rays, a little consider- 
ation will diew that a pair of rays to the left of Ce will intersect 
within the circle whose radius is if O, and a pair of rays to 
the right of Ce will intersect without that circle. Hence the 
point d will be nearer to e than the points of the caustic on 
either side near to it. The point d will therefore be a cusp 
of the caustic; and since every reflected ray is a tangent, 
the ray ed will be a tangent at the cusp. 
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(5) To prove m6re strictly that two consecutive rays m the 
neighbourhood of e intersect in the point d^ let us suppose that 
Cd is a ray incident near to the point a, and that the cor- 
responding reflected ray ed' intersects ed in the point d\ Draw 
the nonnals Me^ Me ; then it is easily proved, from the equality 
of the angles of incidence and reflexion, that 

/.eCe' ■\- L ed'e' = 2 Z eMe. 

This equation Is true in the limit when the incident rays 
become consecutive. But in the limit the angles of incidence 
become equal ; and if we put the angle CeM = ^, and suppose 

€fi COSC& 

a; to be the limiting value of ed'^ then the LeCe ^ — ^ ^ , the 

JL ed'e' = — , and the jL eMe' is always equal to — ; 

11 2 



• . 



X Ce rcos0* 
but r cos<^ = Cfe, and .*. x = Ce. 
But de = Cfe, and therefore <? is a point of the caustic. 

(6) Again, if x' and <f>' be values of x and ^ for the ray im- 
mediately consecutive to Cfe, we shall have in the limit 

cos 6' cos 6 2 

^ + ^- • 



X 



Ce " r' 



cosA cos6 -f 8 cosA cosA /^ . S (cosA) hx\ , 

but — r- = — . g> = — - 1 + — ^ — T"^ nearly. 

X x + ox X \ cos^ xj '' 

Therefore, substituting, we have 

8 (cos0) __ Sx 

COS0 " X ' 

therefore 8x = — x tan^ . 80 : 

but a; tan0 = a, therefore 

Saj == — aS0. 

Consequently, if <f> diminishes x increases in the immediate neigh- 
bourhood of e. But, by what has been said, ^ does diminish 
whichever way we start from e, and therefore the point d is 
a cusp of the caustic. 
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NOTES ON PLATE VIII. 

1. It does not appear that the curve which results from the 
intersection of rays after refraction through a prism has an 
asymptote. For on the right of the line rcsu in figure 1, the 
curve terminates at the face of the prism with that ray which 
is first totally reflected. On the left of that line, if ^ and ^' be 
the angles of incidence and refi^ction at the first surface, -^ and 
'^' the angles of emergence and incidence at the second, if also 
/A be the index of refraction, and i the angle, we have 

<^' + t' = » (I), 

sin^ = /i sin^' (2), 

sin'^ = fi miy^' (3). 

Now if there be an asymptote to the caustic it will arise from 
the circumstance that two consecutive rays are parallel on 
emerging from the prism : in other words, since -^ is measured 
irom. a fixed direction (the normal to the face DE^ we shall 
determine the asymptote by the consideration that '^ does not 

vary when ^ receives a small increment, i.e. -^ must vanish. 

Differentiating (2) and (3), 

cos ^ cUf} _ cos <l>' d<f>' 

but ^, = _lby(l); 

therefore ^ = - '^"^ *^^^' 

a<t> cos 9 cosy 

Now for a ray which emerges from the prism y^' can never 

exceed sin"* [-) j and therefore cos-^' can never vanish. On the 

other hand, cos^ can vanish only when ^ = 90"", and this can 
only be the case when the point of incidence of the incident 
ray is removed to an infinite distance from the origin of light, 
i.e. when the side of the prism is infinitely extended. The 
curve therefore has no asymptote. 
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(2) The second figure of this plate shews very clearly that the 
axes of the small coloured pencils which proceed from any point 
of an object enter the eye in different directions. It will thus 
be seen that the image of a point upon the retina is a pure 
spectrum. For since the eye is achromatic for every kind of 
light, it is able to bring pencils of every colour to a point of 
convergence on the retina. Moreover it appears from figure 2, 
Plate XI, that if the axes of any number of pencils fall in 
different directions upon a lens, the points to which the rays in 
those pencils converge will be different. We conclude therefore 
that every coloured pencil comes to a different point on the 
retina, because its axis falls in a different direction upon the lens 
of the eye, so that light of every kind reaches the retina in an 
immixed state, and the impression produced is a series of points 
all of a different colour. 

K the point from which the light proceeds and the eye be in 
the same plane perpendicular to the edges of the prism, the 
image of the point will manifestly be a colctoed line in that 
plane. 



NOTES ON PLATE IX. 

(1) To find the formula on page 23, we proceed as follows : 
Draw the radii aM and hM\ and suppose aj to be the point 

in which ha produced cuts the axis of the lens : then, by the 

law of refraction, 

^vaAaM 

n ^ — i 

BinMah ' 

_ sin AaM sinXMa 
"" miAMa ' sinXaJf' 

AM Xa 
" Aa ' XM' 

If now we suppose the angle a AM to diminish, and a to approach 
to 5, in the limit Xa = A^B^ XM = A^M^ and u4a = ^45 ; 
therefore n.AB.A^M = AM.A^B, 

if A^ be the limiting position of point X. 
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In like manner, if Fbe the point in which cb produced meets 
the axis of the lens, the limiting position of F is ^' ; and we 
shall have, by similar reasoning, 

nA'B\AJd' = A'M\A^B. 

Now if in each of these equations we suppose positive lines to be 

measured from the centre towards the circumference, we shall 

have 

m 1 _ n 

Va^^A^^ 

ml n 

Va'^AJB'' 

1 1 I 

m 1 m 1 n 
r a r a 

(2) The investigation of the position of the asymptotes of the 
caustic formed by refraction through a double-convex lens is 
very difficult After haying tried the general problem I confess 
that I am unable to give a solution. The equations are sub- 
joined in case any one more patient or more skilful should feel 
disposed to attempt tins veiy unpromising labour. 

K ip and ip' be the angles of incidence and refraction at the 
first surface; ^ft and '^' the angles of emergence and incidence 
at the second ; if $ and ff be inclinations to the axis of the lens 
of the radii at the points of incidence and emergence, and b the 
distance MM\ we shall have 

sin^ = /A sin^' (1), 

siu'^ = fi sin'^' (2), 

e + e' = f + ^' (3), 

r sin^ = [a + r) srn(9 + ^) (4), 

r sin^' — r' sin*^' = b srn(6' — -^'j (5), 

and the condition will be that ff — '^ shall not vary when the 
incident ray changes its direction through an indefinitely small 
angle. 
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NOTE ON PLATE XIII. 

K the reader bears in mind what has been said on Plate XI, 
he will understand that the image seen by Galileo's Telescope 
will be indistinct on account of the separation of common light 
into its component colours. If we confine our attention to the 
red and violet pencils, we shall see that a red and violet caustic 
is formed by the lens HI) and that to each of these caustics 
corresponds another caustic after the rays have passed through 
the lens KN. Caustics of other colours will lie between these 
extreme ones. 

In consequence of this separation of the light the eye will see 
a multitude of images, of which the whole eflFect will be a single 
white image slightly coloured at its borders. 

The efiect of colour in Galileo's Telescope is slight, because 
the refraction at the two lenses takes place in opposite directions. 
It thus happens that after a ray of light has been dispersed by 
the first lens, the violet part falls nearer to the axis of the second 
lens than the red part, and therefore it undergoes less refraction 
than the red ray, and on emergence the separation is less than 
it was before ; the caustics therefore after refraction through the 
second lens are very close together, and the indistinctness pro- 
duced is in a corresponding degree small. 

This reasoning applies only to a direct pencil like that in 
figure 1. The same considerations however approximately hold 
with regard to a pencil of small obliquity. 

The defect arising from the dispersion of light is far more 
serious in the case of the common Astronomical Telescope, and 
requires a more particular consideration. 
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